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Abstract— The paper treats a question of adaptive
proportional-integral (PI) and adaptive proportional-integral-
derivative (PID) controller design for nonlinear systems as
well as the design of a universal adaptive controller which
is an extension of the adaptive PI (PID) control scheme.
The presented design methodology guarantees desired output
transient performance indices by inducing of two-time-scale
motions in the closed-loop system where the controller dynamics
is a singular perturbation with respect to the system dynamics.
Stability conditions imposed on the fast and slow modes and
sufficiently large mode separation rate between fast and slow
modes can ensure that the full-order closed-loop nonlinear
system achieves the desired properties in such a way that the
output transient performances are desired and insensitive to
external disturbances and plant’s parameter variations. The
novelty in the paper is that the high-frequency-gain online
identification and adaptive gain tuning are incorporated in
the control system in order to maintain the two-time-scale
structure in the closed-loop system trajectories and stability
of fast-motion transients for a large range of plant’s parameter
variations. The singular perturbation method is used through-
out the paper in order to get explicit expressions for evaluation
of the controller parameters. Numerical example and simulation
results are presented.

I. INTRODUCTION

It is common knowledge that the most part of indus-
trial control systems and mechatronic control systems are
based on the applications of proportional-integral (PI) and
proportional-integral-derivative (PID) controllers [1], [2].
Problems of PI (PID) control system analysis and design are
treated in a huge set of publications, for instance, [3], [4], that
are only few ones. The majority of known design procedures
of PI (PID) controllers are applicable merely for stable linear
systems. For example, the well known Ziegel-Nichols tuning
rules [5] or its various modifications are widely used for
selection of controller parameters. In the presence of plant’s
parameter uncertainties, in order to fetch out the best PI
and PID controllers in accordance with the assigned design
objectives, a set of tuning rules, identification and adaptation
schemes has been developed [6], [7]. The main disadvantage
for the most part of the existing procedures for PI or PID
controller design is that the desired transient performances
can not be guaranteed in the presence of nonlinear plant
parameter variations and unknown external disturbances.

In order to overcome this disadvantage, the singular pertur-
bation technique [8], [9] may be used for PI or PID controller
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design as was shown in [10] where desired output transients
are guaranteed by inducing of two-time-scale motions in the
closed-loop system. Stability conditions imposed on the fast
and slow modes and sufficiently large mode separation rate
between fast and slow modes can ensure that the full-order
closed-loop nonlinear system achieves the desired properties
in such a way that the output transient performances are
desired and insensitive to external disturbances and plant’s
parameter variations. The stability of fast-motion transients
in the closed-loop system is provided by proper selection
of controller parameters while slow-motion transients corre-
spond to the stable reference model of desired mapping from
reference input into controlled output.

The critical points of the workability for the design
methodology via singular perturbation technique [10] are
that the controller parameters are selected in accordance
with such requirements as: (i) stability of the fast-motion
transients, (ii) the large degree of time-scale separation
between the fast and slow modes in the closed-loop system.
However, the large variations of plant’s parameters may give
the disappearance of two-time-scale structure in the closed-
loop system trajectories. In this paper an approach based
upon the high-frequency-gain online identification and gain
tuning is developed in order to maintain the two-time-scale
structure in the closed-loop system trajectories as well as
stability of the fast transients. The results of this paper
significantly enlarge the class of nonlinear systems for which
control design methodology via singular perturbation can be
used.

The paper is organized as follows. First, the control
design methodology via singular perturbation is highlighted
which gives the PI controller for the 1-st order nonlinear
systems and PID controller for the 2-nd order nonlinear
systems. Second, the utmost importance of high-frequency-
gain online identification and gain tuning in nonlinear control
systems designed via singular perturbation technique are
shown. Third, a gain tuning procedure and high-frequency-
gain online identification procedure are introduced. Finally,
numerical example and simulation results are presented.

II. HIGH-FREQUENCY GAIN OF DYNAMICAL SYSTEMS

At the beginning, consider the definition of the high-
frequency gain for a linear system given by

x(s) = G(s)u(s) (1)

where G(s) = B(s)/A(s), B(s) and A(s) are coprime
polynomials of degree m and n, respectively, m < n. The
relative degree of G(s) is defined as α, where α := n−m.
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Definition 1: Denote

khf = lim
s→∞

G(s)sα (2)

where khf is called as the high-frequency gain (HFG) of the
system given by (1).

Remark 1: Consider the Laurent series expansion of G(s)
about s = 0, that is

G(s) =

∞
∑

j=α

mj

sj

where mj is the jth Markov parameter of G(s). Hence, the
high-frequency gain of the system (1) equals the αth Markov
parameter of G(s).

The above definition of the high-frequency gain can be
extended for the nonlinear system given by

x(n) = f(X,w) + g(X,w)u (3)

where X = [x, x(1), . . . , x(n−1)]T is the state vector of the
system (3), x is the output, and w is the vector of smooth
varying parameters or external disturbances.

Definition 2: The parameter g(X,w) is called as the high-
frequency gain of the nonlinear system (3).

Consider the nonlinear system given by

Ẋ = f(X,w) + g(X,w)u, y = h(X,w) (4)

where X ∈ R
n, y ∈ R, u ∈ R, and y is the output of

the system (4). Assume that f(X,w), g(X,w), and h(X,w)
are smooth functions. Let, by differentiating α times of the
output y(t), the expression

y(α) = fα(X,w) + gα(X,w)u (5)

results, where α is the relative degree of the system (4).
Definition 3: The parameter gα(X,w) is called as the

high-frequency gain of the nonlinear system (4).
Note, the knowledge of the high-frequency-gain sign has

an important role for control system design [12].
Assumption 1: Let the high-frequency-gain signs of the

systems discussed in this paper are known a priori.

III. PROBLEM STATEMENT

A. PI Controller Design Via Time-Scale Separation

Consider the nonlinear system

ẋ = f(x,w) + g(x,w)u (6)

where x is the measurable output of the system (6), x ∈
Ωx ⊂ R, Ωx is an open bounded subset of R, x(0) = x0 ∈
Ωx, w is an unknown smooth varying parameters or external
disturbances, w ∈ Ωw, u(t) is the control variable, u ∈ Ωu ⊂
R, f(x,w) and g(x,w) are unknown continuous functions
of x and w on the bounded set Ωx × Ωw.

Assumption 2: Let the condition

0 < gmin ≤ g(x,w) ≤ gmax <∞ (7)

is satisfied for all (x,w) ∈ Ωx × Ωw.

A control system is being designed so that the condition

lim
t→∞

x(t) = r (8)

holds, where r = const. Moreover, the output transients
of x(t) should have the desired performance indices. These
transients should not depend on the external disturbance or
varying parameter represented by w.

Consider the feedback control given by

µ u̇ = k{a[r − x] − ẋ}, u(0) = u0 (9)

where µ is a small positive parameter. Note, from (9) the
conventional PI controller

u(s) =
k

µ

{a

s
[r(s) − x(s)] − x(s)

}

results. Hence, the closed-loop system equations are given
by

ẋ = f(x,w) + g(x,w)u (10)
µ u̇ = k{a[r − x] − ẋ}. (11)

The replacement of ẋ in (11) by the right member of (10)
yields the singularly perturbed differential equations

ẋ = f(x,w) + g(x,w)u (12)
µ u̇ = −kg(x,w)u+ k{a[r − x] − f(x,w)} (13)

where fast and slow modes are forced as µ→ 0.
Then, by time-scale separation, from (12)–(13), the fast-

motion subsystem (FMS)

µ u̇ = −kg(x,w)u+ k{a[r − x] − f(x,w)} (14)

results, where x and w are treated as the frozen variables
during the transients in (14).

Assume that the condition

kg(x,w) > 0 (15)

holds for all (x,w) ∈ Ωx,w := Ωx × Ωw. Then the FMS
transients are stable and after the rapid decay of transients
in (14), we get the steady state (more precisely, quasi-steady
state) for the FMS, where u(t) = uid(t) and

uid = g−1(x,w){a[r − x] − f(x,w)}. (16)

Note that uid is exactly the inverse dynamics solution.
Substitution of u = uid into (6) yields the slow-motion
subsystem (SMS)

ẋ = a[r − x]. (17)

Hence, a is selected in accordance with the desired settling
time for x(t). The parameter k is selected to keep the
condition (15).

The trajectories of the system (12)–(13) exhibit the two-
time-scale structure where there is a fast convergence of the
trajectories toward the slow manifold defined by

a[r − x] − f(x,w) − g(x,w)u = 0

and then there are the slow motions along this manifold in
accordance with (17).
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Remark 2: The measure of the difference between the rate
of convergence of the trajectories toward the slow manifold
and the rate of the motions along the slow manifold is called
as the degree of time-scale separation between the fast and
slow modes and one can be defined as

η := τsms/τfms (18)

where τfms := µ/(kg(x,w)) and τsms := 1/a. By selection
of the parameter µ, the requirement η ≥ ηmin is maintained.

Hence, the parameters µ, k, a of the PI controller (9) can
be chosen via singular perturbation technique such that the
design control objectives hold. However, the variations of the
high-frequency gain g(x,w) alter the degree of time-scale
separation between the fast and slow modes in the system
(12)–(13). For example, the decrease of g(x,w) leads to the
disappearance of the two-time-scale structure in the closed-
loop system trajectories.

B. PID Controller Design Via Time-Scale Separation

Consider the system given by

ẍ = f(X,w) + g(X,w)u (19)

where X = [x, ẋ]T is the state vector, f(X,w) and g(X,w)
are unknown continuous functions of X and w on the
bounded set ΩX,w := ΩX × Ωw.

Assumption 3: Let, by analogy with (7), the condition

0 < gmin ≤ g(X,w) ≤ gmax <∞ (20)

holds for all (X,w) ∈ ΩX,w.
Let the controller is given by

µ2 ü+ d1µ u̇ = k[F (X, r) − ẍ] (21)

where µ > 0, F (X, r) = −a1ẋ + a0[r − x], a0 > 0, and
a1 > 0. Note, the control law (21) can be expressed in terms
of transfer functions, that is the structure of the conventional
PID controller given by

u(s) =
k

µ(µs+ d1)

{a0

s
[r(s) − x(s)] − (s+ a1)x(s)

}

.

Substitution of (19) into (21) yields the closed-loop system
equations in the form

ẍ = f(X,w) + g(X,w)u (22)
µ2 ü+ d1µ u̇+ kg(X,w)u = k[F (X, r) − f(X,w)]. (23)

Denote x1 = x, x2 = ẋ, u1 = u, u2 = µ u̇. Hence, the
above closed-loop system equations may be rewritten as

ẋ1 = x2

ẋ2 = f(x1, x2, w) + g(x1, x2, w)u1

µ u̇1 = u2 (24)
µ u̇2 = −kg(x1, x2, w)u1 − d1u2

+k[F (x1, x2, r) − f(x1, x2, w)]

where two-time-scale motions are induced as µ → 0. Then,
from (24), we get the FMS given by

µ2 ü+ d1µ u̇+ kg(X,w)u = k[F (X, r) − f(X,w)] (25)

where X and w are treated as the frozen variables during
the transients in (25). Accordingly, from (24), the SMS can
be found in the form

ẍ+ a1ẋ+ a0x = a0r. (26)

Finally, the PID controller parameters are selected in accor-
dance with the requirements on FMS stability and the desired
degree of time-scale separation between the fast and slow
modes in the closed-loop system (24).

C. A Universal Controller Design Via Time-Scale Separation

The above presented procedure of controller design can
be extended for the nonlinear system given by (3) when
Assumption 3 holds. By following to the design methodology
[10], consider the universal controller given by

µq u(q) + dq−1µ
q−1u(q−1) + · · · + d1µu

(1) + d0u

= k[F (X, r) − x(n)] (27)

where µ is the small positive parameter, q ≥ n, and

F (X, r) = −a
0
n−1

T
x(n−1) − · · · − a0

1

Tn−1
x(1) +

1

Tn
[r − x].

The controller parameters a0
n−1, . . . , a

0
1, T are selected such

that the polynomial

Tnsn + a0
n−1T

n−1sn−1 + · · · + a0
2T

2s2 + a0
1Ts+ 1 (28)

has the desired root distribution inside the left part of the s-
plane, where roots of the polynomial (28) are defined by
the requirements imposed on the desired output transient
performance indices of x(t) in the system (3).

Remark 3: In order to include an integral action in feed-
back loop of control system, the follow-up consideration has
been done for d0 = 0. Then, the control law (27) can be
rewritten as

u(s) =
k

µ(µq−1sq−1 + dq−1µq−2sq−2 + · · · + d2µs+ d1)

×
{a0

s
[r(s) − x(s)] − (an−1s

n−1 + · · · + a2s+ a1)x(s)
}

where the controller is proper and implemented without an
ideal differentiation of x(t) or r(t) due to q ≥ n.
The block diagram of the discussed control system is shown
in Fig. 1(a), where the plant (P) is given by (3) and the
controller (C) is given by (27).

Fig. 1. (a) - Block diagram of control system (3),(27); (b) - Block diagram
of control system with the high-frequency-gain online identification and gain
tuning.
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The replacement of x(n) in (27) by the right member of
(3) yields the closed-loop system equations in the form

x(n) = f(X,w) + g(X,w)u

µq u(q) + dq−1µ
q−1u(q−1) + · · · + d1µu

(1) (29)
+kg(X,w)u = k[F (X, r) − f(X,w)]

when d0 = 0. Denote x1 = x, x2 = x(1), . . ., xn = x(n−1),
u1 = u, u2 = µu(1), . . ., uq = µu(q−1). Hence, from (29),
the singularly perturbed differential equations

ẋi = xi+1, i = 1, 2, . . . , n− 1

ẋn = f(X,w) + g(X,w)u1

µ u̇j = uj+1, j = 1, 2, . . . , q − 1 (30)
µ u̇q = −kg(X,w)u1 − d1u2

− · · · − dq−1uq + k[F (X, r) − f(X,w)]

results as µ → 0. By time-scale separation, from (30), we
get the FMS equation in the form

µq u(q) + dq−1µ
q−1u(q−1) + · · · + d1µu

(1)

+kg(X,w)u = k[F (X, r) − g(X,w)] (31)

where X and w are treated as the frozen variables during the
transients in (31). The quasi-steady state for the FMS (31)
yields u(t) = uid(t) where

uid = g−1(X,w)[F (X, r) − f(X,w)].

Substitution of u = uid into (3) yields the SMS

Tnx(n) + a0
n−1T

n−1x(n−1)

+ · · ·+ a0
2T

2x(2) + a0
1Tx

(1) + x = r. (32)

Remark 4: By taking into account the main qualitative
property of the singularly perturbed systems [8], we have,
if an isolated equilibrium point of the FMS (31) exists and
one is exponentially stable, then there exists µ∗ > 0 such that
for all µ ∈ (0, µ∗) the trajectories of the singularly perturbed
system (30) approximate to the trajectories of the SMS (32).
So, if a sufficient time-scale separation between the fast and
slow modes in the system (30) and exponential convergence
of FMS transients to equilibrium are provided, then after
the damping of fast transients the desired output behavior
prescribed by (32) is fulfilled despite that f(X,w) and
g(X,w) are unknown complex functions. Thus, the output
transient performance indices are insensitive to parameter
variations of the system and external disturbances, by that the
solution of the discussed control problem (8) is maintained.

Remark 5: The critical points of the workability for the
above design methodology via singular perturbation tech-
nique are that the controller parameters should be selected
in accordance with the requirement on FMS stability and,
moreover, the sufficiently large degree of time-scale sepa-
ration between the fast and slow modes in the closed-loop
system (30) should be provided.

D. Problem of High-Frequency-Gain Online Identification
and Gain Tuning

From (31), the FMS characteristic polynomial

Afms(s) = µqsq + dq−1µ
q−1sq−1 + · · · + d1µ s+ γ (33)

results, where γ = kg(X,w). Hence, the FMS time constant
is given by τfms = µ/ q

√
γ. From (32), it follows that the

SMS characteristic polynomial is defined by (28). Hence,
the SMS time constant is given by τsms = T . The controller
parameters µ, k, d1 d0 are selected in accordance with the
requirements on FMS stability and the desired degree of
time-scale separation between the fast and slow modes in
the closed-loop system (30) such that the condition τfms ≤
τsms/η holds where, for example, η = 10. More details
concern to selection of controller parameters are explained
in [10].

The main disadvantage caused by variations of the high-
frequency gain g(X,w) is that the decrease of time-scale
separation degree and loss of the FMS stability may occur
when the range of the high-frequency-gain variations is large
enough.

In order to overcome this disadvantage, let us consider the
plant (P) given by (3) and the controller (C)

µq ũ(q) + dq−1µ
q−1ũ(q−1) + · · · + d1µ ũ

(1)

= k1[F (X, r) − x(n)] (34)

where u = k0ũ. Take k0 = ψ(ĝ), for example, let k0 = ĝ−1,
where ĝ is an estimate of g(X,w) provided by an identifica-
tion scheme (I) as shown in Fig. 1(b). Then, in accordance
with (33), the condition γ ≈ k1 holds. Therefore, the
variations of the high-frequency gain g(X,w) do not alter the
FMS transient performance indices. Hence, the desired two-
time-scale structure in the closed-loop system trajectories can
be maintained despite the arbitrary large range of g(X,w)
variations for the system shown in Fig. 1(b).

IV. ADAPTIVE GAIN TUNING

In this paper the high-frequency-gain online identification
scheme based on the frequency response method [11] is
used, where the high-frequency oscillations are forced in u(t)
and x(t) due to a high-frequency harmonic probing signal
incorporated in the control system as shown in Fig. 2.

Fig. 2. Block diagram of the control system with adaptive gain tuning.

Remark 6: The frequency separation is also used to in-
troduce the high-frequency harmonic signal that allows for
the identification of the high-frequency gain of the nonlinear
system to be controlled.
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Let us rewrite the system (3) as

x(n) = f(X,w) + g(X,w)k0û (35)

where k0 is the tuning gain, û is the new control variable,
and u = k0û. Let

û(t) = ũ(t) + Aω sin(ωt) (36)

where Aω sin(ωt) is the high-frequency probing signal with
small value of amplitude Aω and the controller (C) is given
by (34). Take, for example, the tuning rule of an adaptation
scheme (A) in the following form

dk0

dt
= αγ [γd

0 − γ̂0], k0(0) = k0
0 (37)

where γd
0 = 1 and γ̂0 is an estimate of γ0 := k0g(X,w)

provided by the identification scheme (I) as shown in Fig. 2.
From (37), the condition k0 = ĝ−1 results when k̇0 = 0.

V. HIGH-FREQUENCY-GAIN ONLINE IDENTIFICATION

Let Au be the amplitude of oscillations with frequency ω
that are forced in the control û(t) and Ax be the amplitude
of oscillations with frequency ω that are forced in the output
x(t). From (35) it follows that limω→∞Axω

n/Au = γ0.
Hence, the high-frequency-gain online identification scheme
(I) involves two amplitude detectors for Ax and Au. For
example, the amplitude detector based on the relationship

Aξ =

√

ξ2 + (ξ̇/ω)2 can be used when ξ(t) = Aξ sin(ωt).
The practical implementation of such amplitude detector

for Au is shown in Fig. 3, where

G1(s) =
τ2
0 s

2

τ2
0 s

2 + 2τ0s+ 1

G2(s) =
1

τ2
f s

2 + 2τfs+ 1

G3(s) =
s

τ2
f s

2 + 2τfs+ 1
(38)

kf =
√

[1 − (τfω)2]2 + (2τfω)2

Âu = kf

√

u2
1 + (u2/ω)2

and Âu is an estimate of Au. The amplitude detector for Ax

is the same as (38).

Fig. 3. Block diagram of the amplitude detector.

Then, with the help of the low-pass filter, the estimate γ̂0

given by

τ1
dγ̂0

dt
+ γ̂0 =

Âxω
n

Âu + ε
, γ̂0(0) = γ̂0

0 (39)

results where ε is the small positive parameter in order to
avoid the singularity condition.

VI. EXAMPLE

Consider the nonlinear system

dx

dt
= x2 + g(t)k0û (40)

with the high-frequency probing signal as shown in (36). Let
the feedback controller is given by

µ
dũ

dt
= k1

{

a[r − x] − dx

dt

}

. (41)

The controller parameters are selected as the following
ones: k1 = 10, a = 1.333, and µ = 0.375 s. The parameters
of the gain tuning scheme (37) and the high-frequency-
gain online identification scheme (38)-(39) are selected as
γ̂0(0) = 1, γd

0 = 1, αγ = 0.5, k0(0) = 0.71, ω = 100
rad/s, Aω = 0.2, τf = 0.003 s, τ0 = 0.01 s, τ1 = 0.3 s,
and ε = 0.0001. The simulation results of the system given
by (40)-(41) are shown in Figs. 4–9. Figure 4 contains the
plots of r(t) and x(t) showing the output step response in the
closed-loop system where the high-frequency-gain variations
is displayed in Figure 5. From Figure 8 it can be observed
that the condition γ̂0(t) → γd

0 is kept due to the tuning of
the gain k0(t) as seen in Figure 9.

Fig. 4. Plots of r(t) and x(t).

VII. CONCLUSION

The main advantage of the discussed singular perturbation
technique for control system design is that the parameters of
the adaptive PI, PID, or the universal adaptive controller for
nonlinear systems can be analytically derived in accordance
with the desired root placement of the reference model char-
acteristic polynomial, while the desired root distribution is
defined by such direct output performance objectives as set-
tling time and overshoot. The presented design methodology
allows to get desired output transient performance indices
for nonlinear systems under uncomplete knowledge about
external disturbances and plant’s parameter variations. It has
been shown, the high-frequency-gain online identification
and gain tuning in nonlinear control systems designed via
singular perturbation technique allow to maintain the two-
time-scale structure of the trajectories in the closed-loop
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Fig. 5. Plot of g(t).

Fig. 6. Plot of û(t).

Fig. 7. Plot of u(t).

system and stability of fast transients in case of slow vari-
ations of g(X,w) within the arbitrary large range when the
condition sgn(g(X,w)) = const holds. Simulation results
show the effectiveness of the proposed adaptive controller.

Fig. 8. Plots of γ̂0(t).

Fig. 9. Plot of k0(t).
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